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WEIGHT REPRESENTATIONS OF ADMISSIBLE AFFINE
VERTEX ALGEBRAS
TOMOYUKI ARAKAWA, VYACHESLAV FUTORNY, AND LUIS ENRIQUE RAMIREZ
Abstract. For an admissible affine vertex algebra Vk(g) of type A, we de-
scribe a new family of relaxed highest weight representations of Vk(g). They
are simple quotients of representations of the affine Kac-Moody algebra ĝ in-
duced from the following g-modules: 1) generic Gelfand-Tsetlin modules in the
principal nilpotent orbit, in particular all such modules induced from sl2; 2)
all Gelfand-Tsetlin modules in the principal nilpotent orbit which are induced
from sl3; 3) all simple Gelfand-Tsetlin modules over sl3. This in particular
gives the classification of all simple positive energy weight representations of
Vk(g) with finite dimensional weight spaces for g = sl3.
1. Introduction
Let g be a complex simple finite dimensional Lie algebra, ĝ = g[t, t−1] +CK the
non-twisted affine Kac-Moody algebra associated with g, V k(g) the universal affine
vertex algebra associated with g at a non-critical level k, Vk(g) the unique simple
quotient of V k(g).
The simple affine vertex algebra Vk(g) is called admissible if it is isomorphic to
an admissible representation [KW89] as a ĝ-module. In the case when g = sl2,
the modular properties and the Verlinde formula for Vk(g)-modules were studied
in [Rid09, Rid10, CR12, CR13]. To generalize these results to an arbitrary g, one
needs to classify simple positive energy weight representations of Vk(g), that is,
Vk(g)-modules that appear as simple quotients of ĝ-modules induced from simple
weight representations of g which are not necessarily highest weight.
By a well-known result of Zhu [Zhu96], there is a one-to-one correspondence
between simple positive energy representations of a graded vertex algebra V and
simple A(V )-modules, where A(V ) is Zhu’s algebra of V . In the case when V is an
affine vertex algebra Vk(g), we have
A(Vk(g)) ∼= U(g)/Ik(1)
for some two sided-ideal Ik of the universal enveloping algebra U(g) of g. Thus, a
simple U(g)-module M is an A(Vk(g))-module if and only if the annihilating ideal
of M in U(g) contains Ik.
In [Ara16] the first named author classified primitive ideals of U(g) containing
Ik for an admissible affine vertex algebra Vk(g), proving the Adamovic-Milas con-
jecture [AM95]. Such primitive ideals are exactly the annihilators of simple highest
weight representations L(λ) of g that appear as the top weight part of a level k
admissible modules L̂k(λ) of ĝ that are Vk(g)-modules. Hence our problem amounts
to classifying simple weight modules of U(g) having those annihilating ideals.
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This is a difficult problem. Complete classification of simple weight modules of g
is only known for g = sl2. It remains open for all other simple Lie algebras although
certain categories of modules were studied extensively (finite dimensional modules,
categoryO etc.) In particular, simple weight modules which have finite dimensional
weight spaces have been classified by Fernando [Fe90] and Mathieu [Mat00]. Among
weight modules with infinite dimensional weight spaces the most studied is the
class of Gelfand-Tsetlin modules for type A. On such modules the Gelfand-Tsetlin
subalgebra (being a maximal commutative subalgebra) of the universal enveloping
algebra of sln has a generalized eigenspace decomposition. Gelfand-Tsetlin modules
were introduced in [DFO89], [DFO92], [DFO94]. Gelfand-Tsetlin subalgebras are
related to important problems in representation theory of Lie algebras [FO10],
[FO14], general hypergeometric functions on the complex Lie group GL(n), [GR04];
problems in classical mechanics, [KW06], [KW6] among the others.
In this paper we describe several new families of simple positive energy weight
representations of admissible affine vertex algebra Vk(g) for g = sln. More precisely,
we construct explicitly the following classes of simple weight A(Vk(g))-modules for
g = sln:
- generic Gelfand-Tsetlin sln-modules in the principal nilpotent orbit (Corollary
4.3, Theorem 6.5). Here we say a simple g-module is in a nilpotent orbit O if
the associated variety of its annihilating ideal is the closure of O. In this class
of representations those with finite dimensional weight spaces are either highest
weight modules or induced from an sl2-subalgebra. Otherwise they have infinite-
dimensional weight spaces;
- sln-modules induced from simple Gelfand-Tsetlin sl3-modules in the principal
nilpotent orbit (Theorem 6.7). All these module have infinite dimensional weight
spaces;
- Gelfand-Tsetlin sl3-modules (Theorem 5.6 and Theorem 5.8). We give a complete
classification of Gelfand-Tsetlin A(Vk(g))-module for g = sl3. This includes all sim-
ple weight modules with finite weight multiplicities (both cuspidal and induced) as
well as series of modules with infinite weight multiplicities.
Hence we obtain in particular a complete classification of all simple relaxed high-
est weight representations with finite dimensional weight spaces of admissible affine
vertex algebras Vk(g) for g = sl3. We note that a family of weight modules for
Vk(sl3) has been previously constructed in [Ad16].
Our approach is based on the theory of Gelfand-Tsetlin modules developed in
[FGR], [FGR15], [FGR16]. In these papers explicit basis was constructed for dif-
ferent classes of simple Gelfand-Tsetlin modules for gln, including generic and 1-
singular cases. This basis generalizes the classical Gelfand-Tsetlin basis for finite
dimensional representations. In [FGR] a complete classification and explicit con-
struction of all simple Gelfand-Tsetlin modules for sl3 is given. In all other cases
the problem of classifying the simple Gelfand-Tsetlin modules is still open.
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2. Weight modules and admissible representations
2.1. Weight modules. Let g be a complex simple finite dimensional Lie algebra
with a fixed triangular decomposition g = n−⊕ h⊕ n+. A g-module M is called
weight if h is diagonalizable onM . For λ ∈ h∗ the subspaceMλ of those v ∈ V such
that hv = λ(h)v is the weight subspace of weight λ. The set of all those λ ∈ h∗ for
which Mλ 6= 0 is the weight support of M and the dimension of Mλ is the weight
multiplicity of λ.
Let p = l ⊕ m be a parabolic subalgebra of g with the Levi subalgebra l. If N
is a weight module over [l, l] then one defines on it a structure of a l-module by
choosing any λ ∈ (h⊥)∗ and setting hv = λ(h)v for any h ∈ h⊥ and any v ∈ N .
Here, h⊥ is the orthogonal complement of [l, l]∩ h with respect to the Killing form.
Furthermore, consider N as a p-module with a trivial action of m.
Now construct the induced g-module Mp(λ,N) = U(g)⊗U(p) N . If N is simple
[l, l]-module then Mp(λ,N) has a unique simple quotient Lp(λ,N).
When p is the fixed Borel subalgebra h + n+, we write M(λ) for Mp(λ,C) and
L(λ) for Lp(λ,C).
We say that a simple weight g-module L is cuspidal if it is not isomorphic to
Lp(λ,N) for any choice of a parabolic subalgebra p 6= g and any choice of N . By
[DMP00], if L is cuspidal then its weight support coincides with a coset of some
weight (any weight from the support) by the root lattice.
2.2. Affine vertex algebras. Let
ĝ = g[t, t−1]⊕CK(2)
be the affine Kac-Moody algebra associated with g. The commutation relation of
ĝ is given by
[xtm, ytn] = [x, y]tm+n +m(x|y)δm+n,0K, [K, ĝ] = 0,(3)
where ( | ) is the normalized invariant bilinear form of g.
For k ∈ C, let V k(g) be the universal affine vertex algebra associated with g at
level k. By definition
V k(g) = U(ĝ)⊗U(g[t]⊕CK)Ck,(4)
where Ck is the one-dimensional representation of g[t]⊕CK on which g[t] acts
trivially and K acts as a multiplication by k. The space V k(g) is equipped with
the natural vertex algebra structure (see [Kac98, FBZ04]), and it is conformal by
the Sugawara construction provided that k 6= −h∨, where h∨ is the dual Coxeter
number of g. The unique simple graded quotient Vk(g) of V
k(g) is called the simple
affine vertex algebra associated with g at level k.
For a conformal vertex algebra V , let A(V ) be Zhu’s algebra of V . For a positive
energy representation M of V , the top conformal weight space Mtop is naturally a
module over A(V ), and moreover, the correspondence M 7→ Mtop gives a one-to-
one correspondence between simple positive energy representation of V and simple
V -modules ([Zhu96]).
In the case that V = V k(g), we have the natural isomorphism
A(V k(g)) ∼= U(g),(5)
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and hence,
A(Vk(g)) ∼= U(g)/Ik(6)
for some two-sided ideal Ik of U(g).
A Vk(g)-module is called weight it is a direct sum of weight modules over g. In
this paper we study the positive energy weight representations of an admissible
affine vertex algebra Vk(g).
For a simple weight module E of g, let Mk(E) = U(ĝ)⊗U(g[t]⊕CK)E, where E
is considered as a g[t]⊕CK-module on which g[t]t acts trivially and K acts the
multiplication by k. It is clear that Mk(E) is a weight module and so is its simple
quotient Lk(E).
According to Zhu’s Theorem above the correspondence E 7→ Lk(E) gives the
one to one correspondences between simple weight representations of A(Vk(g)) =
U(g)/Ik and simple relaxed positive energy highest weight representations of Vk(g).
A positive energy weight representation is an example of a relaxed highest rep-
resentation [FST] of ĝ. A general simple relaxed highest representation is obtained
from a simple positive energy weight representation by applying a spectral flow.
2.3. Admissible representations of ĝ. Let ∆ be the set of roots, ∆+ the set
of positive roots, W the Weyl group of g. Put Q =
∑
α∈∆ Zα, Q
∨ =
∑
α∈∆ Zα
∨,
where α∨ = 2α/(α, α). Let P be the weight lattice of g, P∨ the coweight lattice.
Denote by θ and θs the highest root and the highest short root of g, respectively.
We have (θ, θ) = 2 and (θs, θs) = 2/r
∨, where r∨ is the lacing number of g, that is,
the maximum number of the edges in the Dynkin diagram of g. Let ρ be the half
sum of positive roots, ρ∨ the half sum of positive coroots.
We fix the Cartan subalgebra ĥ of ĝ as ĥ = h⊕CK. We will extend ĝ by a
derivation D and denote the extended algebra by g˜: g˜ = g[t, t−1]⊕CK +CD. Let
h˜ = h⊕CK ⊕CD be the extended Cartan subalgebra of g˜, h˜∗ = h∗⊕CΛ0⊕Cδ its
dual, where Λ0(K) = δ(D) = 1, Λ(h + CD) = δ(h⊕CK) = 0. The dual ĥ∗ of ĥ is
identified with the subspace h⊕CΛ0 ⊂ h˜∗.
Let ∆̂ be the set of roots of ĝ in h˜∗, ∆̂re ⊂ ∆̂ the set of real root of ĝ, ∆̂re+ the
set of real positive roots. We have ∆̂re = {α+ nδ | α ∈ ∆, n ∈ Z}, ∆̂re+ = {α+nδ |
α ∈ ∆+, n ∈ Z>0} ⊔ {−α+ nδ | α ∈ ∆+, n ∈ Z>1}.
Denote by Ŵ the Weyl group of ĝ. Then Ŵ =W ⋉Q∨. Let W˜ =W ⋉ P∨, the
extended affine Weyl group of g. For µ ∈ P∨, we denote by tµ the corresponding
element of W˜ . We have W˜ = W˜+ ⋉ Ŵ , where W˜+ is a finite subgroup of W˜
consisting of elements of length zero. The group W˜+ is described as follows. Write
θ as a sum of simple roots: θ =
∑l
i=1 aiαi, and set J = {i ∈ {1, . . . , l}; ai = 1}.
Then we have
W˜+ = {t̟jwj ; j ∈ J},(7)
where ̟j is the j-th fundamental weight of g and wj is the unique element of W
which fixes the set {α1, . . . , αl,−θ} and wj(−θ) = αj .
For λ ∈ ĥ∗, let ∆̂(λ) and Ŵ (λ) be its integral root system and its integral Weyl
group, respectively, that is,
∆̂(λ) = {α ∈ ∆̂re; 〈λ+ ρ̂, α∨〉 ∈ Z}, Ŵ (λ) = 〈sα;α ∈ ∆̂(λ)〉 ⊂ Ŵ ,(8)
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where sα is the reflection corresponding to α and ρ̂ = ρ + h
∨Λ0. Let ∆̂(λ)+ =
∆̂(λ) ∩ ∆̂re+ , the set of positive roots of ∆̂(λ) and Π̂(λ) ⊂ ∆̂(λ)+, the set of simple
roots.
For λ ∈ h∗ and k ∈ C, set L̂k(λ) := Lk(L(λ)), which is the irreducible highest
weight representation of ĝ with highest weight λ̂ := λ+ kΛ0 ∈ ĥ∗.
Recall that a weight λ ∈ ĥ∗ is called admissible [KW89] if
(1) λ is regular dominant, that is, 〈λ+ ρ̂, α∨〉 6∈ {0,−1,−2, . . .} for all α ∈ ∆̂re+ ;
(2) Q∆̂(λ) = Q∆̂re.
The simple highest weight representation L̂k(λ) called admissible if λ̂ is admissible.
A complex number k is called admissible (for ĝ) if the affine vertex algebra Vk(g)
is admissible as an ĝ-module. (Note that Vk(g) ∼= L̂k(0)).
Proposition 2.1 ([KW89, KW08]). The number k is admissible if and only if
k + h∨ =
p
q
with p, q ∈ N, (p, q) = 1, p >
{
h∨ if (r∨, q) = 1
h if (r∨, q) = r∨,
where h is the Coxeter number of g. If this is the case we have Π̂(kΛ0) = {α˙0, α1, α2, . . . , αl},
where
α˙0 =
{
−θ + qδ if (r∨, q) = 1
−θs +
q
r∨ δ if (r
∨, q) = r∨.
For an admissible number k, let Prk be the set of admissible weights λ such that
there exists y ∈ W˜ satisfying ∆̂(λ) = y(∆̂(kΛ0)). Set
Prk,Z = Prk ∩ P̂k,(9)
where
P̂k = {λ ∈ ĥ
∗;λ(K) = k, 〈λ, α∨i 〉 ∈ Z for all i = 1, . . . , l}.(10)
Then
Prk,Z =
{
{λ ∈ P̂k; 〈λ, α∨i 〉 > 0 for i = 1, . . . , l, 〈λ, θ〉 6 p− h
∨} if (r∨, q) = 1,
{λ ∈ P̂k; 〈λ, α∨i 〉 > 0 for i = 1, . . . , l, 〈λ, θ
∨
s 〉 6 p− h} if (r
∨, q) = r∨.
(11)
Note that
Prk,Z ∼=
{
P̂ p−h
∨
+ if (r
∨, q) = 1,
LP̂∨,p−h+ if (r
∨, q) = r∨,
(12)
where P̂m+ is the set of level m integral dominant weights of ĝ, and
LP̂∨,m+ is the
set of level m integral dominant coweights of the affine Kac-Moody algebra L̂g
associated with the Langlands dual Lie algebra Lg.
For λ ∈ Prk,Z we have
∆̂(λ) =
{
{α+ nqδ;α ∈ ∆, n ∈ Z} if (q, r∨) = 1,
{α+ nqδ;α ∈ ∆long} ⊔ {α+
nq
r∨ δ;α ∈ ∆short, n ∈ Z} if (q, r
∨) = r∨,
(13)
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where ∆long (resp. ∆short) is the set of long roots (resp. short roots) of g. It follows
that
Ŵ (λ) =
{
W ⋉ qQ∨ if (q, r∨) = 1,
W ⋉ qQ if (q, r∨) = r∨
(14)
for λ ∈ Prk,Z. In particular
Ŵ (λ) ∼=
{
Ŵ if (q, r∨) = 1,
LŴ if (q, r∨) = r∨,
(15)
for λ ∈ Prk, where LŴ is the Weyl group of L̂g.
If k is an admissible number with denominator q such that (q, r∨) = 1, we have
[KW89]
Prk =
⋃
y∈W˜
y(∆̂(kΛ0)+)⊂∆̂
re
+
Prk,y , P rk,y := y ◦ Prk,Z,(16)
Moreover,
Prk,y ∩ Prk,y′ 6= ∅ ⇐⇒ Prk,y = Prk,y′ ⇐⇒ y
′ = ytq̟jwj(17)
with some j ∈ J for y, y′ ∈ W˜ such that y(∆̂(kΛ0)+), y′(∆̂(kΛ0)+) ⊂ ∆̂re+ .
2.4. Admissible representations and nilpotent orbits. Let k be an admissible
number for ĝ.
We extend the concept of admissibility to modules over g. Namely, we say that
a g-module M is admissible of level k if L(M) is an Vk(g)-module, or equivalently,
M is an A(Vk(g))-module. Thus, M 7→ L(M) gives a one-to-one correspondence
between the set of the isomorphism classes of admissible g-modules of level k and
that of simple positive energy representations of Vk(g).
Let
Prk = {λ¯ | λ ∈ Prk} ⊂ h
∗,
where λ¯ is the projection of λ to h∗.
Theorem 2.2 ([Ara16]). Let k be admissible, λ ∈ h∗. Then L̂k(λ) is a module
over Vk(g) if and only if λ ∈ Prk. Equivalently, L(λ) is a A(Vk(g))-module if and
only if λ ∈ Prk.
Theorem 2.2 in particular says that any A(Vk(g))-module in the category O
is completely reducible since all elements of Prk are regular dominant, that is,
〈λ+ ρ, α∨〉 6∈ {0,−1,−2,−3, . . .} for all α ∈ ∆+.
For λ ∈ h∗, let
Jλ = AnnU(g) L(λ).
By Duflo’s Theorem [Duf77], one knows that for any primitive ideal I (that is, the
annihilator of some simple module) of U(g) there exists λ ∈ h∗ such that I = Jλ.
Thus, we obtain following assertion immediately from Theorem 2.2.
Corollary 2.3. Let k be an admissible number, M a simple U(g)-module. Then
M is an admissible g-module of level k if and only if AnnU(g)M = Jλ for some
λ ∈ Prk.
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Let Z(g) be the center of U(g), and let χλ : Z(g) → C be the evaluation
at L(λ). By [Jos79], one knows that the correspondence I 7→ IM(λ) gives an
order-preserving injection between the set of two sided ideals of U(g) containing
U(g) kerχλ and submodules of M(λ), and in fact, this map is a bijection if λ is
regular.
Proposition 2.4. For λ ∈ Prk, the primitive ideal Jλ is the unique maximal two-
sided ideal of U(g) containing U(g) kerχλ. In particular, for λ, µ ∈ Prk, Jλ = Jµ
if and only if there exists w ∈ W such that µ = w ◦ λ.
Proof. Let λ ∈ Prk. Then Ik ⊂ Jλ by Theorem 2.2. (Recall that A(Lk(g)) =
U(g)/Ik). Thus, M(λ)/Jλ is a highest weight A(Lk(g))-module, and therefore, it
must be isomorphic to L(λ) by Theorem 2.2. This means that JλM(λ) is the unique
maximal submodule of M(λ), and therefore, Jλ is the unique maximal two-sided
ideal of U(g) containing U(g) kerχλ. 
For a two-sided ideal I of U(g), let Var(I) be the associated variety of I, that is,
the zero locus of gr I in g∗, where gr I is the associated graded with respect to the
filtration induced from the PBW filtration of U(g). By Joseph’s Theorem [Jos85],
for a primitive ideal I we have Var(I) = O for some nilpotent orbit O of g.
We say a simple g-module M is in the orbit O if Var(AnnU(g)M) = O.
Theorem 2.5 ([Ara15b]). Let k be an admissible number for ĝ with denominator
q ∈ N. There exists a nilpotent orbit Oq that depends only on q such that
Var(Ik) = Oq.
Explicitly, we have
Oq =
{
{x ∈ g; (adx)2q = 0} if (r∨, q) = 1,
{x ∈ g;πθs(x)
2q/r∨ = 0} if (r∨, q) = r∨,
where r∨ is the lacing number of g, θs is the highest short root of g and πθs is the
simple finite-dimensional representation of g with highest weight θs.
See [Ara15a] for a more concrete description of the orbits Oq.
Let q ∈ N be the denominator q of k. For a nilpotent orbit O of g, set
Pr
O
k = {λ ∈ Prk | Var(Jλ) = O}.(18)
For λ ∈ Prk we have Var(Jλ) ⊂ Var(Ik) = Oq since Ik ⊂ Jλ. Hence
Prk =
⊔
O⊂Oq
Pr
O
k .(19)
Note that
Pr
{0}
k = Prk,Z := {λ¯ | λ ∈ Prk,Z}.(20)
We define an equivalence relation in Prk by
λ ∼ µ ⇐⇒ there exists w ∈ W such that µ = w ◦ λ.(21)
Set
[Prk] = Prk/ ∼ .(22)
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By Proposition 2.4, Jλ depends only on the class of λ ∈ Prk in [Prk]. We have
[Prk] =
⊔
O⊂Oq
[Pr
O
k ],(23)
where [Pr
O
k ] is the image of Pr
O
k in [Pr
k
].
We conclude that a simple U(g)-module M in the orbit O is an admissible g-
module of level k if and only if AnnU(g)M = Jλ for some λ ∈ [Pr
O
k ].
2.5. Principal nilpotent orbit. Let k be an admissible number with denominator
q ∈ N, and let Oprin be the principal nilpotent orbit, that is, the unique dense orbit
in the nilpotent cone N of g∗. We have Var(Jλ) = Oprin = N if and only if
AnnU(g) L(λ) = U(g) kerχλ.
Let λ ∈ Prk. Since admissible weights are regular dominant, λ ∈ Pr
Oprin
k if and
only if λ̂ = λ+kΛ0 is non-degenerate in the sense of [FKW92], that is, ∆̂(λ)∩∆ = ∅,
so that L(λ) =M(λ).
Clearly, the set Pr
Oprin
k is non-empty if and only if Oq = Oprin. By Theorem
2.5 this holds if and only if
q >
{
h if (r∨, q) = 1,
r∨Lh∨ if (r∨, q) = r∨,
where h is the Coxeter number of g and Lh∨ is the dual Coxeter number of the
Langlands dual Lg of g.
Proposition 2.6. ([FKW92]) Let k be an admissible number for ĝ, q ∈ N the
denominator of k. Suppose that (r∨, q) = 1 and q > h. We have a bijection
(P̂ p−h
∨
+ × P̂
∨,q−h
+ )/W˜+
∼→ [Pr
Oprin
k ],
[(λ, µ)] 7→ [λ¯− pq (µ¯+ ρ
∨)],
where W˜+ acts diagonally on P̂
p−h∨
+ ×
LP̂ q−h+ .
There is a similar description for the cases that (q, r∨) = r∨, but we omit it since
we will not need it in this paper.
2.6. Minimal nilpotent orbit in type A. Let g = sln.
Lemma 2.7. Let y¯ ∈W . If y¯ 6= 1, then there exists j ∈ J such that y¯π¯j(θ) ∈ ∆+.
Proof. We have y¯π¯j(θ) = −y¯(αj). Since J = {1, 2, . . . , n−1} for g = sln and y¯ 6= 1,
there exists j ∈ J such that y¯(αj) ∈ ∆−. 
Recall the decomposition (16). Set Prk,y = {λ¯ | λ ∈ Prk,y} and denote by
[Prk,y ] the image of Prk,y in [Prk].
Proposition 2.8. Let k be an admissible number for ĝ, q ∈ N the denominator of
k. We have
[Prk] =
⋃
η∈P∨
+
θ(η)6q−1
[Prk,t−η ],
where P∨+ is the set of dominate coweights.
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Proof. Let y = y¯t−η ∈ W˜ with y ∈ W , η ∈ P∨. It is straightforward to see that
the condition y(∆̂(kΛ0)) ⊂ ∆̂re+ is equivalent to that{
0 6 α(η) 6 q − 1 if y¯(α) ∈ ∆+,
1 6 α(η) 6 q if y¯(α) ∈ ∆−,
(24)
for all α ∈ ∆+.
In particular, for η ∈ P∨, t−η(∆̂(kΛ0)) ⊂ ∆̂re+ if and only if η ∈ P
∨
+ and θ(η) 6
q − 1. This together with (16) shows the inclusion ⊃. Conversely, suppose that
y = y¯t−η ∈ W˜ with y ∈ W , η ∈ P∨ satisfies that y(∆̂(kΛ0)) ⊂ ∆̂re+ . We claim that
we may assume that y¯(θ) ∈ ∆+. Indeed, Prk,y = Prk,ytq̟j π¯j by (17) for j ∈ J , and
if y¯(θ) ∈ ∆−, then there exists j ∈ J such that y¯π¯j(θ) ∈ ∆+ by Lemma 2.7. We
obtain η ∈ P∨+ and θ(η) 6 q− 1, which completes the proof by Proposition 2.4. 
Proposition 2.9. Let λ ∈ Prk,t−η with η ∈ P
∨
+ , θ(η) 6 q − 1. Then
dimVar(Jλ) = |∆| − |∆(λ)|,
where ∆(λ) = {α ∈ ∆ | λ(α∨) ∈ Z}.
Proof. We have ∆(λ) = t−η(∆̂(kΛ0)) ∩∆ = {α ∈ ∆ | α(η) = 0}. Since η ∈ P∨+ ,
it follows that ∆(λ) a subroot system of ∆ generated by the simple roots αi such
that αi(η) = 0. Let p be the corresponding parabolic subalgebra of g containing
b+ = h⊕ n, m its nilradical, l its Levi subalgebra. Denote by Ll(λ) the simple
finite-dimensional module of l with highest weight λ. Then [Jan77]
L(λ) = U(g)⊗U(p)Ll(λ),(25)
where Ll(λ) is regarded as a p-module by the projection p → l. It follows that
the Gelfand-Kirillov dimension DimL(λ) of L(λ) equals to dimm = 1/2(|∆| −
|∆(λ)|). As L(λ) is holonomic, we have dimVar(Jλ) = 2DimL(λ¯) = |∆| − |∆(λ)|
as required. 
Let Omin be the unique minimal non-trivial nilpotent orbit of g, which is of
dimension 2h∨ − 2 = 2(n− 1) [Wan99]. We have Omin = G.eα, where eα is a root
vector of some root α.
Proposition 2.10. Let g = sln, k an admissible number with denominator q. Then
[Pr
Omin
k ] =
q−1⊔
a=1
[Prk,t−a̟1 ] =
q−1⊔
a=1
{[λ¯−
ap
q
̟1] | λ ∈ P̂
p−n
+ }.
Proof. Let λ ∈ Pr
k
t−η with η ∈ P
∨
+ , θ(η) 6 q−1. By Proposition 2.9, λ ∈ Pr
Omin
k if
and only if |∆(λ)| = n(n−1)−2(n−1) = (n−1)(n−2). This happens if and only if
∆(λ) is a root system of type An−2, or equivalently, η = −a̟1 or η = −a̟n−1 for
some a = 1, . . . , q − 1. Since [Prk,t−a̟1 ] = [Prk,t−a̟n−1 ] by (17) and Proposition
2.4, we get that
[Pr
Omin
k ] =
q−1⋃
a=1
[Prk,t−a̟1 ].(26)
It is straightforward to see that this is a disjoint union. 
Note that ifM is a cuspidal admissible g-module of level k with finite dimensional
weight spaces then AnnU(g)(M) = Jλ for some λ ∈ [Pr
Omin
k ] ([Mat00]).
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2.7. The sl3-cases. Let g = sl3. Then the level k is admissible if and only if
k + 3 = p/q with p, q ∈ N, (p, q) = 1, p > 3. We have
Oq =

Oprin if q > 3,
Omin if q = 2,
0 if q = 1.
(27)
Note that dimOprin = 6, dimOmin = 4.
The following assertion follows immediately from Proposition 2.6 and Proposition
2.10.
Proposition 2.11. Let k be an admissible number for ĝ, so that k + 3 = p/q,
p, q ∈ Z, p > 3, (p, q) = 1. We have
[Pr
Oprin
k ] = {[λ¯−
p
q
(µ¯+ ρ)] | λ ∈ P̂ p−3+ , µ ∈ P̂
q−3
+ },
[Pr
Omin
k ] = {[λ¯−
ap
q
̟1] | λ ∈ P̂
p−3
+ , a = 1, . . . , q − 1},
[Pr
{0}
k ] = {[λ¯] | λ ∈ P̂
p−3
+ }.
2.8. Compatibility of admissible g-modules with the restriction. Let p =
l + m be a parabolic subalgebra of g, where l is its Levi subalgebra and m is
its nilradical. Let [l, l] =
∑
i li be a decomposition into the sum of simple Lie
subalgebras. Let l̂i be the affine Kac-Moody algebra associated with li. For an
admissible number k of ĝ, define the admissible number ki for l̂i by
ki + h
∨
i =
2
(θi, θi)
(k + h∨),(28)
where h∨i is the dual Coxeter number of li, θi is the highest root of li.
Theorem 2.12. Let M be an admissible g-module of level k. Then m-invariant
subspace Mm is an admissible module of li of level ki for each i.
Proof. Since M is an A(Vk(g))-module, L(M) is a Vk(g)-module. Hence by [Ara14,
Theorem 7.5], the semi-infinite cohomology spaceH
∞
2 +n(m[t, t−1],L(M)) is a mod-
ule over the admissible affine vertex algebra Vki (li) for all n, i. Therefore the top
weigh space of H
∞
2 +n(m[t, t−1],L(M)) is a module over A(Vki (li))-module, that
is to say, an admissible li-module of level ki. The assertion follows since the top
weight space of H
∞
2 +n(m[t, t−1],L(M)), n > 0, is isomorphic to Hn(m,M) as an
l-module provided that Hn(m,M) is nonzero (see the proof of [Ara16, Lemma 4.3]).

3. Gelfand-Tsetlin modules
We recall the definition of a Gelfand-Tsetlin module for gln. Let U = U(gln)
and {Eij | 1 6 i, j 6 n} be the standard basis of gln of elementary matrices. For
each m 6 n let glm be the Lie subalgebra of gln spanned by {Eij | i, j = 1, . . . ,m}.
Then we have the following chain
gl1 ⊂ gl2 ⊂ . . . ⊂ gln,
which induces the chain U1 ⊂ U2 ⊂ . . . ⊂ Un of the universal enveloping algebras
Um = U(glm), 1 6 m 6 n. Let Zm be the center of Um. Then Zm is the polynomial
WEIGHT REPRESENTATIONS OF ADMISSIBLE AFFINE VERTEX ALGEBRAS 11
algebra in the m variables {cmk | k = 1, . . . ,m},
(29) cmk =
∑
(i1,...,ik)∈{1,...,m}k
Ei1i2Ei2i3 . . . Eiki1 ,
m = 1, . . . , n. Following [DFO94], we call the subalgebra of U generated by
{Zm |m = 1, . . . , n} the (standard) Gelfand-Tsetlin subalgebra of U and denote it by
Γ. In fact, Γ is the polynomial algebra in the
n(n+ 1)
2
variables {cij | 1 6 j 6 i 6 n}
([Zh74]).
Definition 3.1. A finitely generated U -moduleM is called a Gelfand-Tsetlin module
(with respect to Γ) if M splits into a direct sum of Γ-modules:
(30) M =
⊕
m∈SpecmΓ
M(m),
where
M(m) = {v ∈M |mkv = 0 for some k > 0}.
All those m ∈ SpecmΓ for which M(m) 6= 0 form the Gelfand-Tsetlin support
of M . The dimension of the subspace M(m) is the Gelfand-Tsetlin multiplicity of
m. Since the Gelfand-Tsetlin subalgebra contains the Cartan subalgebra h spanned
by {Eii | i = 1, . . . , n} then any simple Gelfand-Tsetlin module is a weight mod-
ule. Note that every weight module with finite dimensional weight subspaces is a
Gelfand-Tsetlin module. Indeed, any weight space is invariant under the action of
the Gelfand-Tsetlin subalgebra (since Γ contains all Eii’s) and hence decomposes
into its generalized eigen subspaces. In particular, every highest weight module is
a Gelfand-Tsetlin module.
3.1. Generic Gelfand-Tsetlin modules.
Definition 3.2. For a vector v in C
n(n+1)
2 , by T (v) we will denote the following array
with entries {vij : 1 6 j 6 i 6 n}
vn1 vn2 · · · vn,n−1 vnn
vn−1,1 · · · vn−1,n−1
· · · · · · · · ·
v21 v22
v11
Such an array will be called a Gelfand-Tsetlin tableau of height n.
A classical result of Gelfand and Tsetlin [GT50] gives an explicit realization of
any simple finite dimensional gln-module in terms of Gelfand-Tsetlin tableaux. Us-
ing these Gelfand-Tsetlin formulas one can defined the class of infinite dimensional
generic modules for gln, see for example [DFO94].
Definition 3.3. A vector v ∈ C
n(n+1)
2 and the Gelfand-Tsetlin tableau T (v) = T (vij)
are called generic if vki − vkj /∈ Z for all 1 6 i 6= j 6 k 6 n − 1. It is strongly
generic if vrs − vrt /∈ Z for any 1 6 s 6= t 6 r 6 n.
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Theorem 3.4 ([DFO94, Section 2.3]). Let T (v) = T (vij) be a generic Gelfand-
Tsetlin tableau of height n. Denote by B(T (v)) the set of all Gelfand-Tsetlin
tableaux T (v′) = T (v′ij) satisfying v
′
nj = vnj, v
′
ij − vij ∈ Z for , 1 6 j 6 i 6 n− 1.
(i) The vector space V (T (v)) = spanB(T (v)) has a structure of a gln-module
with action of the generators of gln given by the Gelfand-Tsetlin formulas.
Ek,k+1(T (v)) = −
k∑
i=1
(∏k+1
j=1 (vki − vk+1,j)∏k
j 6=i(vki − vkj)
)
T (v + δki),
Ek+1,k(T (v)) =
k∑
i=1
(∏k−1
j=1 (vki − vk−1,j)∏k
j 6=i(vki − vkj)
)
T (v − δki),
Ekk(T (v)) =
(
k − 1 +
k∑
i=1
vki −
k−1∑
i=1
vk−1,i
)
T (v).
where δij ∈ C
n(n−1)
2 is defined by (δij)ij = 1 and all other (δ
ij)kℓ are zero.
(ii) The gln-module V (T (v)) is a Gelfand-Tsetlin module with all non-zero
Gelfand-Tsetlin multiplicities equal to 1.
Definition 3.5. For any Gelfand-Tsetlin tableau T (v) of height n, we associate the
following sets:
Ω(T (v)) := {(r, s, t) : vrs − vr−1,t ∈ Z}(31)
Ω+(T (v)) := {(r, s, t) : vr,s − vr−1,t ∈ Z>0}.(32)
Theorem 3.6 ([FGR15, Theorem 6.14]). Let T (v) = T (vij) be a generic Gelfand-
Tsetlin tableau of height n. The simple subquotient of V (T (v)) which contains a
tableau T (v′) ∈ B(T (v)) has the following basis of tableaux:
I(T (v′)) = {T (v′′) ∈ B(T (v)) : Ω+(T (v′′)) = Ω+(T (v′))}.
The action of gln on this simple module is given by the classical Gelfand-Tsetlin
formulas.
Corollary 3.7. If λ = (λ1, . . . , λn) is a gln weight such that λi − λj /∈ Z then, the
Verma module M(λ) is simple and admits a tableau realization as a subquotient of
a generic module V (T (v)) with basis
I(T (v)) = {T (v′) ∈ B(T (v)) : Ω+(T (v′)) = {(r, s, s) : 1 6 s 6 r 6 n}}
where ci = λi − i + 1 and T (v) is the generic tableau with entries vrs = cs.
4. Admissible generic modules in the principal nilpotent orbit
We set G := Sn × Sn−1 × · · ·S1 and the i-th component of σ ∈ G will be
denoted by σ[i]. Note that for any σ = (σ[n], σ[n − 1], . . . , σ[1]) ∈ G we have
V (T (v)) ≃ V (T (σ(v))). We immediately have
Lemma 4.1. Let T (v) be any strongly generic Gelfand-Tsetlin tableau. There
exists σ ∈ G such that Ω(T (σ(v))) ⊆ {(r, s, s) : 1 6 s 6 r 6 n}.
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In [Kho05] is constructed an embedding of U(gln) into a certain localization Dm
of the Weyl algebra Am, for m = n(n + 1)/2 with generators {xij , ∂ij : 1 6 j 6
i 6 n} (for details see [Kho05, Theorem 3.2]) based on Gelfand-Tsetlin formulas.
Denote by φ this embedding and P the polynomial algebra in variables yij = ∂ijxij .
This embedding essentially provides a tableaux realization. As an application of
the construction of this embedding an alternative proof of Duflo’s Theorem (which
describes the annihilators of Verma modules c.f, §2.4) for gln is given. In particu-
lar, the description of annihilators of generic Verma modules is given in ([Kho05,
Theorem 4.1]) together with their explicit tableaux realization (Corollary 3.7). In
order to describe annihilators of simple subquotients of strongly generic modules
we will use a slight modification of the proof of Theorem 4.1 in [Kho05].
Theorem 4.2. Let T (v) be any strongly generic Gelfand-Tsetlin tableau. For any
simple subquotient N of V (T (v)) we have
AnnU(gln)N = U(gln)AnnZ(gln)N.
Proof. By Lemma 4.1 we can assume without loss of generality that Ω(T (v)) ⊆
{(r, s, s) : 1 6 s 6 r 6 n}. Let N be a simple subquotient of V (T (v)), by Theorem
3.6, there exist A ⊆ Ω(T (v)) such that N is spanned by the set of tableaux I(N) =
{T (w) ∈ B(T (v)) : Ω+(T (w)) = A}.
Let I = U(gln)AnnZ(gln)N . It is clear that I ⊆ AnnU(gln)N . To prove the
opposite inclusion, take some u ∈ U(gln) such that uN = 0. The image of u
under the inclusion φ can be written as φ(u) =
∑K
k=1Dkfk for some K ∈ Z>0,
fk in certain localization P˜ of P and Dk =
∏n−1
i=1
∏i
j=1 ∂
nijk
ij with nijk ∈ Z. For
w ∈ {v + z : z ∈ Z
n(n−1)
2 }, let Iw ⊂ P be the ideal of P generated by yij − wij ,
for 1 6 j 6 i 6 n. One gets that IwP˜ is a proper maximal ideal of P˜ for any w
such that T (w) ∈ B. For each rational function f ∈ P˜ and T (w) ∈ B define the
evaluation f(w) as the image of f under the canonical projection P˜ → P˜/IwP˜ ≃ C.
Let
L = max{|nijk| : 1 6 k 6 K, 1 6 i 6 n, 1 6 j 6 i},
B = {T (w) ∈ I(N) : |wrs − wr−1,s| > L, for any (r, s, s) ∈ Ω(T (v))}
By construction, one easily obtains that for all T (w) ∈ B the action of u on
T (w) is given by
uT (w) =
K∑
k=1
fk(w)T
w + n−1∑
i=1
i∑
j=1
nijkδ
ij
 .(33)
Due to the choice of T (w) ∈ B we have T
(
w +
∑n−1
i=1
∑i
j=1 nijkδ
ij
)
∈ I(N) for
any k, which implies uT (w) = 0 if and only if fk ∈ IwP˜ for all 1 6 k 6 K. Finally,
by using just the fact that the module is generic, it is shown in ([Kho05, Theorem
4.1]) that fk ∈ IwP˜ for all 1 6 k 6 K implies u ∈ I. 
4.1. Admissible generic Gelfand-Tsetlin modules in the principal nilpo-
tent orbit for sln. Let k be an admissible number for ŝln, so that
k + n = p/q, p > n, q > 1, (p, q) = 1.(34)
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By Proposition 2.6, an element of [Pr
Oprin
k ] for g = sln is represented by the weight
of the form
λ′ = λ−
p
q
(µ+ ρ) =
(
λ1 −
p
q
(µ1 + 1), λ2 −
p
q
(µ2 + 1), . . . , λn−1 −
p
q
(µn−1 + 1)
)
,
(35)
where λi, µi ∈ Z>0 are such that λ1 + . . .+ λn−1 6 p− n, µ1 + . . .+ µn−1 6 q − n.
(The set [Pr
Oprin
k ] is empty if q < n.)
A gln-weight corresponding to λ
′ is (b1+ b, . . . , bn+ b), where for 1 6 k 6 n− 1,
we take bi :=
∑n−1
k=i (λk −
p
q (µk + 1)), bn = 0 and b = −
1
n
∑n
i=1 bi. Note that for
any i < j, bi − bj =
∑j−1
k=i(λk −
p
q (µk + 1)) /∈ Z. In particular, the corresponding
simple highest weight module associated with λ′ admits a tableaux realization as a
subquotient of V (T (v)) with the strongly generic T (v), where vij = bj + b − j + 1
for any 1 6 j 6 i 6 n.
The highest weight modules with the same annihilator as L(λ′) are all of the form
L(w◦λ′) with w an element of the Weyl group. All these highest weight modules are
simple Verma modules associated with some gln-weight of the form (a1, a2, . . . , an)
satisfying ai − aj /∈ Z for any i 6= j. Thus, in order to describe all simple Gelfand-
Tsetlin modules with the same annihilator as L(λ′) it is enough to describe simple
Gelfand-Tsetlin modules with the same annihilator as a generic Verma module
obtained by a tableaux realization as a subquotient of the module V (T (v)) with a
strongly generic tableau T (v) with entries vij := cj for any 1 6 j 6 i 6 n.
Hence, Theorem 4.2 immediately implies
Corollary 4.3. Let λ′ be an admissible sln-weight of level k and (a1, . . . , an) any
corresponding gln-weight. Then any simple subquotient of a strongly generic module
{V (T (v)) : vni = ai − i + 1} is a simple admissible Gelfand-Tsetlin module in the
principal orbit. Moreover, any simple admissible generic Gelfand-Tsetlin module of
level k in the principal nilpotent orbit with central character determined by the gln-
highest weight (a1, . . . , an) is isomorphic to a subquotient of some strongly generic
module {V (T (v)) : vni = ai − i+ 1}.
Now applying Theorem 3.6 we obtain a complete classification of all simple
admissible generic Gelfand-Tsetlin modules of level k in the principal orbit together
with their explicit construction via the Gelfand-Tsetlin formulas.
Remark 4.4. • We observe that there exist simple generic Gelfand-Tsetlin
modules which are not in the principal orbit.
• Among the modules described in Corollary 4.3 there are those with finite
weight multiplicities. Such modules are either highest weight modules or
induced from an sl2-subalgebra. The latter modules will be also discussed
in Theorem 6.5.
5. Classification of simple admissible Gelfand-Tsetlin sl3-modules
Let k be an admissible number for g = sl3, so that
k + 3 = p/q, p > 3, q > 1, (p, q) = 1.(36)
In this section we classify all simple Gelfand-Tsetlin admissible sl3-module of an
admissible level k. Using the classification of simple Gelfand-Tsetlin sl3-modules
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[FGR], where explicit basis and the action of the generators of sl3 are given, we
are able to present explicitly all simple Gelfand-Tsetlin modules with necessary
annihilator.
.
5.1. Singular Gelfand-Tsetlin sl3-modules. Let vrs, 1 6 s 6 r 6 3 complex
numbers, v = (v31, v32, v33, v21, v22, v11) and w = (m,n, k) := (m21,m22,m11) ∈ Z3.
We will denote by T (v) and T (v + w) the following tableaux:
v31 v32 v33 v31 v32 v33
T (v):= v21 v22 T (v + w):= v21 +m v22 + n
v11 v11 + k
Also, set B(T (v)) := {T (v + w) : w ∈ Z3}
Definition 5.1. If T (v′) is any Gelfand-Tsetlin tableau from the set B(T (v)). Then
(i) T (v′) is singular, if v′21 − v
′
22 ∈ Z.
(ii) T (v′) is critical, if v′21 − v
′
22 = 0.
We will follow [FGR] to construct an explicit basis of tableaux for simple singular
Gelfand-Tsetlin sl3-modules starting with a critical tableau.
From now on we will denote by T (v¯) a fixed critical tableau and by T (v) a generic
tableau. Denote by τ the transposition (1, 2). We formally introduce a new tableau
DT (v¯+w) for every w ∈ Z3 subject to the relations DT (v¯+w)+DT (v¯+τ(w)) = 0.
We call DT (v¯ + w) the derivative Gelfand-Tsetlin tableau associated with w.
Definition 5.2. Set V (T (v¯)) to be the vector space spanned by the set of tableaux
{T (v¯ + w), DT (v¯ + w) | w ∈ Z3}, subject to the relations T (v¯ + w) = T (v¯ + τ(w))
and DT (v¯ + w) + DT (v¯ + τ(w)) = 0. Choose a basis of V (T (v¯)) to be the set
{T (v¯ + w), DT (v¯ + w′) : w,w′ ∈ Z3 and w21 − w22 ∈ Z>0, w′21 − w
′
22 ∈ Z<0}.
For v = (v31, v32, v33, v21, v22, v11) and a rational function f on variables vrs
which is smooth on the hyperplane v21 − v22 = 0, define a linear map
Dv¯(fT (v + z)) = Dv¯(f)T (v¯ + z) + f(v¯)DT (v¯ + z),(37)
where Dv¯(f) = 12
(
∂f
∂v21
− ∂f∂v22
)
(v¯).
Theorem 5.3 ([FGR]). For any critical tableau T (v¯), the vector space V (T (v¯))
together with the action of gl3 given by
Ers(T (v¯ + z)) = D
v¯((v21 − v22)Ers(T (v + z)))
Ers(DT (v¯ + z
′))) = Dv¯(Ers(T (v + z
′))),
for all z, z′ ∈ Z3 with z′ 6= τ(z′), has a structure of a Gelfand-Tsetlin module
over gl3. Here, the action Ers(T (v + z)) is given by the classical Gelfand-Tsetlin
formulas as in the generic case.
Remark 5.4. This construction can be extended to gln by considering Gelfand-
Tsetlin tableaux T (v) with exactly one singularity (i.e. when exists a unique (k, i, j)
such that vki − vkj ∈ Z). Such modules were studied in [FGR16].
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5.2. Construction of simple admissible Gelfand-Tsetlin modules for sl3.
In this subsection we will present explicitly simple subquotiens of V (T (v)) (respec-
tively, of V (T (v¯))) for generic v (respectively, for critical v¯) that have the same
annihilator as admissible highest weight modules L(λ).
In order to simplify the description we will use the following notation:
Tab(w) :=

T (v + w), if v is generic,
T (v¯ + w), if v¯ is critical and wki − wkj 6 0,
DT (v¯ + w), if v¯ is critical and wki − wkj > 0.
(38)
If D1, ..., Dk are some sets of inequalities we denote
L(D1 ∪ ... ∪Dk) = span{Tab(z) | z satisfies one of D1, ..., Dk}.(39)
Twisted localization. Let U = U(sl3). We recall the definition of the localization
functor on U -modules. For details we refer the reader to [Deo80] and [Mat00].
For every α ∈ ∆ we fix an sl(2)-triple (eα, fα, hα), i.e. eα ∈ gα, fα ∈ g−α and
[eα, fα] = hα. Since ad fα acts locally finitely on U , the multiplicative set Fα :=
{fnα | n ∈ Z>0} ⊂ U satisfies Ore’s localizability conditions. Denote by DαU the
localization of U relative to Fα. If M is a weight module the denote by DαM the
α–localization of M , defined as DαM = DαU ⊗U M . If fα is injective on M , then
M can be naturally viewed as a submodule of DαM .
For a ∈ C and u ∈ DαU set
(40) Θa(u) :=
∑
i>0
(
a
i
)
(ad fα)
i(u) f−iα ,
where
(
a
i
)
= a(a−1)...(a−i+1)i! . For a DαU -module M denote by Φ
a
αM the DαU -
module M twisted by the action
u · va := (Θa(u) · v)
a,(41)
where u ∈ DαU , v ∈M , and va stands for the element v considered as an element
of ΦaαM . We set f
a
α · v := v
−a in Φ−aα M , a ∈ C.
The following lemma is standard.
Lemma 5.5. Let M be a DαU -module, v ∈M , u ∈ DαU and a, b ∈ C. Then
(i) ΦaαM ≃M whenever a ∈ Z.
(ii) Φaα(Φ
b
αM) ≃ Φ
a+b
α M and, consequently, Φ
a
α ◦ Φ
−a
α M ≃ Φ
−a
α ◦ Φ
a
αM ≃M .
(iii) faα · (f
b
α · v) = f
a+b
α · v.
(iv) faα · (u · (f
−a
α · v)) = Θa(u) · v.
Let M be any Gelfand-Tsetlin module and ΦaαM the twisted localization of M
for some α ∈ ∆ and a ∈ C. It is clear that AnnU (M) = AnnU (ΦaαM).
5.3. Minimal orbit. By Proposition 2.11, elements of [Pr
Omin
k ] are represented
by sl3-weights of the form
λ−
ap
q
̟1 = (λ1 −
ap
q
, λ2),(42)
where a, λ1, λ2 ∈ Z>0 are such that λ1 + λ2 6 p− 3 and 1 6 a 6 q − 1.
First we identify simple highest weight modules whose annihilator coincides with
the one of L(λ1 −
ap
q , λ2). They are the following modules:
(i) L(λ1 −
ap
q , λ2).
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(ii) L(λ2,
ap
q − λ1 − λ2 − 3).
(iii) L(apq − λ1 − 2, λ1 + λ2 −
ap
q + 1).
Note that these highest weight modules have bounded weight multiplicities of
dimension at most t = λ2 + 1.
Next we describe simple Gelfand-Tsetlin modules with the same annihilator as
highest weight modules above.
Fix c :=
λ2+2λ1−
2ap
q
3 , x :=
λ2−λ1+
ap
q
3 − 1, t = λ2 + 1 (note that c − x /∈ Z) and
consider any y, z ∈ C such that {c− z, x− z, c− y, x− y, z − y} ∪ Z = ∅.
Theorem 5.6. The following modules constitute a complete list of non-isomorphic
simple admissible Gelfand-Tsetlin modules of level k in the minimal orbit Omin.
All these modules have finite dimensional weight spaces.
(i) The following subquotients of the generic module V (T (v)) with v = (c, x, x−
t, c, x, c)
L1 := L

−t < n 6 0
m 6 0
k 6 m
 ; L2 = L

m 6 0
−t < n 6 0
m < k
;
 ; L3 = L

0 < m
−t < n 6 0
k 6 m
;
 ; L4 = L

0 < m
−t < n 6 0
m < k
;

These modules are highest weight modules (with respect to some Borel
subalgebra) with weight multiplicities bounded by t.
(ii) Subquotients of the generic module V (T (v1)) with v1 = (c, x, x− t, c, x, z)
L5 = L
(
−t < n 6 0
m 6 0
)
; L6 = L
(
−t < n 6 0
0 < m
)
Both L5 and L6 are sl2-induced modules (with respect to opposite parabolic
subalgebras where sl2 is generated by E12, E21). Weight multiplicities of
these modules are bounded by t.
(iii) Generic cuspidal module with all weight multiplicities t which is a subquo-
tient of V (T (v2)) with v2 = (c, x, x− t, y, x, z):
L7 = L (−t < n 6 0)
(iv) sl2-induced modules (with respect to opposite parabolic subalgebras where sl2
is generated by E13, E31) with weight multiplicities bounded by t which are
subquotients of the generic module V (T (v3)) with v3 = (c, x, x − t, z, x, z):
L8 = L
(
−t < n 6 0
m < k
)
; L9 = L
(
−t < n 6 0
k 6 m
)
(v) The following subquotients of the generic module V (T (u)) with u = (c, x, x−
t, x, c, x):
L10 = L

−t < m 6 0
n 6 0
k 6 m
 ; L11 = L

−t < m 6 0
n 6 0
m < k
 ; L12 = L

−t < m 6 0
0 < n
k 6 m
 ; L13 = L

−t < m 6 0
0 < n
m < k

These are highest weight modules (with respect to some Borel subalgebra)
with weight multiplicities bounded by t.
(vi) sl2-induced modules (with respect to opposite parabolic subalgebras where sl2
is generated by E23, E32) with weight multiplicities bounded by t which are
subquotients of the generic module V (T (u1)) with u1 = (c, x, x− t, x, y, x)
L14 = L
(
−t < m 6 0
k 6 m
)
; L15 = L
(
−t < m 6 0
m < k
)
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(vii) Subquotients of the singular module V (T (v¯)) withv¯ = (c, x, x − t, x, x, x):
L16 = L

− t < n 6 0
m 6 −t
m < k 6 n
 ; L18 := L


m 6 n
−t < m 6 0
0 < n
k 6 m
⋃

m 6 n
−t < m 6 0
n 6 0
k 6 n
⋃
n < m
−t < m 6 0
k 6 n

L17 := L

−t < m 6 0
0 < n
m < k 6 n
 ; L19 := L


m 6 n
−t < m 6 0
n < k
⋃

n < m
−t < m 6 0
n 6 −t
m < k
⋃

n < m
−t < m 6 0
−t < n 6 0
n < k

These are highest weight modules (with respect to some Borel subalgebra)
with weight multiplicities bounded by t. Modules L16 and L17 have all 1-
dimensional Gelfand-Tsetlin subspaces.
(viii) Cuspidal module with weight multiplicities t, which is a subquotient of the
singular module V (T (v¯1)) with v¯1 = (c, x, x − t, x, x, z),
L20 = L
({
m 6 n
−t < m 6 0
⋃{ n < m
−t < n 6 0
)
Proof. Associated with the sl3-weight (λ1 −
2ap
q , λ2) we have the gl3-weight(
λ2 + 2λ1 −
2ap
q
3
,
λ2 − λ1 +
ap
q
3
,
−2λ2 − λ1 +
ap
q
3
)
.
The module L(λ1−
ap
q , λ2) can be realized as a subquotient of the generic Gelfand-
Tsetlin module V (T (v)) where
c x x− t
T (v)= c x
c
A basis for this module is given by the set of tableaux L1. Using localization functor
we identify another three simple subquotients of V (T (v)) with the same annihilator:
L2, L3 and L4. Now applying twisted localization functor with respect to E21, we
obtain two simple subquotients of the generic module V (T (v1)) where
c x x− t
T (v1)= c x
z
The corresponding basis are L5 and L6. Using twisted localization functor with
respect to E32 we obtain a cuspidal module with all t-dimensional weight multiplic-
ities. This module can be realized as a subquotient of the generic Gelfand-Tsetlin
module V (T (v2)), where
c x x− t
T (v2)= y x
z
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A basis is given by L7. Now, applying twisted localization functor with respect to
E31 we obtain two simple subquotients of the generic module V (T (v3)), where
c x x− t
T (v3)= z x
z
Their bases are L8 and L9.
Associated with the sl3-weight (λ2,
ap
q − λ1 − λ2 − 3) we have the gl(3)-weight(
λ2 − λ1 +
ap
q
3
,
λ2 + 2λ1 −
2ap
q
3
,
−2λ2 − λ1 +
ap
q
3
)
.
So, the highest weight module L(λ2,
ap
q −λ1−λ2− 3) has a tableaux realization as
a subquotient of the generic Gelfand-Tsetlin module V (T (u)) where
x c x− t
T (u)= x c
x
A basis for this module is given by the set of tableaux L10. Also, the module
V (T (u)) contains three other simple subquotiens with the desired annihilator. Their
bases are L11, L12, L13.
Applying twisted localization functor with respect to E32 we obtain modules that
can be realized as a subquotient of the generic Gelfand-Tsetlin module V (T (u1)),
where
x c x− t
T (u1)= x y
x
These two modules have explicit basis L14 and L15 respectively.
Finally, associated with the sl3-weight (
ap
q − λ1 − 2, λ1 + λ2 −
ap
q + 1) is the
gl(3)-weight (
λ2 − λ1 +
ap
q
3
,
−2λ2 − λ1 +
ap
q
3
,
λ2 + 2λ1 −
2ap
q
3
)
.
So, the module L
(
ap
q − λ1 − 2, λ1 + λ2 −
ap
q + 1
)
can be realized as a subquotient
L16 of the singular Gelfand-Tsetlin module V (T (v¯)) where
x x− t c
T (v¯)= x x
x
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The module V (T (v¯)) has another three simple subquotients with the same annihi-
lator. Their bases are L17, L18 and L19 respectively.
Applying the twisted localization functor with respect to E21 we obtain a cus-
pidal module with t-dimensional weight multiplicities that can be realized as a
subquotient of the singular Gelfand-Tsetlin module V (T (v¯1)), where
x x− t c
T (v¯1)= x x
z
A basis for this module is given by L20.

Remark 5.7. A complete list of non-isomorphic simple admissible Gelfand-Tsetlin
modules in the minimal orbit is obtained when q = 2 and a = 1 in the theorem
above (see Proposition 2.11). All other modules correspond to minimal nilpotent
orbits in the closure of the principal orbit with q > 3.
5.4. Principal orbit (q > 3). By Proposition 2.11 the elements of [Pr
Oprin
k ] are
represented by sl3-weights of the form
λ′ = λ−
p
q
(µ+ ρ) = (λ1 −
p
q
(µ1 + 1), λ2 −
p
q
(µ2 + 1)),(43)
where λ1, λ2, µ1, µ2 ∈ Z>0 are such that λ1 + λ2 6 p − 3, µ1 + µ2 6 q − 3.
Note that this set is non-empty if and only if q > 3. A gl(3) weight associ-
ated with λ′ is (a1, a2, a3), where a1 =
1
3
(
2λ1 + λ2 −
p
q (2µ1 + µ2 + 3)
)
, a2 =
1
3
(
λ2 − λ1 −
p
q (µ2 − µ1)
)
and a3 = −
1
3
(
λ1 + 2λ2 −
p
q (µ1 + 2µ2 + 3)
)
. First we
identify simple highest weight modules in the principal orbit, i.e. having the same
annihilator as L(λ′). They are all of the form L(w ◦ λ′) with w an element of the
Weyl group. All those highest weight modules are simple Verma modules associ-
ated with some gl3-weight of the form (a, b, c) satisfying {a− b, a− c, b− c}∩Z= ∅.
Hence, it is sufficient to describe simple Gelfand-Tsetlin modules in the same or-
bit with simple generic Verma module which is a subquotient of V (T (v)), where
v = (x, y, z, x, y, x) and {x− y, x− z, y − z} ∩ Z = ∅.
Note that in this orbit we will have both generic and singular Gelfand-Tsetlin
modules.
Theorem 5.8. The following modules constitute a complete list of non-isomorphic
infinite-dimensional simple admissible Gelfand-Tsetlin sl3-modules of level k with
denominator q > 3.
(i) Simple admissible modules described in Theorem 5.6 when q > 3.
(ii) Simple generic admissible Gelfand-Tsetlin modules. Any such module is
isomorphic to a simple subquotient of V (T (v′)) where T (v′) is a strongly
generic tableau with top row (x, y, z) := (a1, a2 − 1, a3 − 2) (see Theorem
3.6 and Corollary 4.3).
(iii) Simple singular admissible Gelfand-Tsetlin modules which are isomorphic
to one of the following modules:
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• Subquotients of V (T (v¯)), where v¯ = (x, y, z, x, x, x):
L1 = L


m 6 0
0 < n
k 6 m
⋃
m 6 0
n 6 0
k 6 n
 ;L2 = L


0 < m
0 < n
n < k
⋃
0 < m
n 6 0
m < k

L3 = L
({
m 6 0
n < k
)
; L4 = L
({
0 < m
k 6 n
)
; L5 = L
(
m 6 0 < n
m < k 6 n
)
Here, L1, L2, L3, L4 are sl2-induced modules with unbounded weight
multiplicities and L5 is cuspidal with infinite weight multiplicities.
Modules L1 and L2 are induced from sl2 (with respect to opposite par-
abolic subalgebras where sl2 is generated by E23, E32), while L3 and
L4 are induced from sl2 (with respect to opposite parabolic subalgebras
where sl2 is generated by E13, E31).
• Cuspidal modules with infinite weight multiplicities which are subquo-
tients of V (T (v¯1)) with v¯1 = (x, y, z, x, x, a):
L6 = L
({
m 6 n
m 6 0
⋃{n < m
m 6 0
)
; L7 = L
({
m 6 n
0 < m
⋃{n < m
0 < m
)
• Cuspidal modules with infinite weight multiplicities which are subquo-
tients of V (T (v¯2)) with v¯2 = (x, y, z, a, a, a):
L8 = L
({
m 6 n
k 6 n
⋃{n < m
k 6 n
)
; L9 = L
({
m 6 n
n < k
⋃{n < m
n < k
)
• Cuspidal module with infinite weight multiplicities V (T (v¯3)) with v¯3 =
(x, y, z, a, a, c).
Proof. The proof is based on the classification and explicit presentation of all simple
Gelfand-Tsetlin sl3-modules (see [FGR] §7 and §8).
(i) Follows by Proposition 2.11.
(ii) These modules are described in Corollary 4.3.
(iii) Set a, c ∈ C such that {x − a, y − a, z − a, c − a} ∩ Z = ∅. Applying the
twisted localization functor with respect to E32 with parameter a to the
Verma module generated by the tableau
x y z
x y
x
we obtain the singular module V (T (v¯0)) where
x y z
T (v¯0)= x x
x
The module V (T (v¯0)) has five simple subquotiens with the same annihila-
tor. They correspond to the modules L1, L2, L3 and L4 (with unbounded
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but finite dimensional weight multiplicities) and a module with infinite di-
mensional weight spaces L5. Applying twisted localization functor with
respect to E21 to the previous case, we obtain modules on the singular
block V (T (v¯1)) where:
x y z
T (v¯1)= x x
a
The module V (T (v¯1)) has two simple subquotiens with the same annihila-
tor, both of them having infinite weight multiplicities. They correspond to
the modules L6 and L7. Consider
x y z
T (v¯2)= a a
a
The singular module V (T (v¯2)) has two simple subquotiens with infinite di-
mensional weight spaces corresponding to L8 and L9. Finally, consider
x y z
T (v¯3)= a a
c
which is obtained by application on the twisted localization functor with
respect to E21 to the previous case The singular module V (T (v¯3)) is simple
with infinite dimensional weight multiplicities. It corresponds to L10.

Remark 5.9. Modules L1, . . ., L4 in Theorem 5.8 have unbounded finite weight
multiplicities which grow linearly. They are isomorphic to the corresponding gen-
eralized Verma modules (induced from unbounded simple sl(2)-modules).
6. Admissible sln-modules induced from slk-modules
Let k be an admissible number for ŝln, so that
k + n = p/q, p > n, q > 1, (p, q) = 1.
In this section we describe families of simple admissible g = sln-modules induced
from simple slk-modules for k = 2, 3. If M = Lp(λ,N) is admissible for some
parabolic subalgebra p with Levi subalgebra l and nilradical m, then Mm ≃ N and,
hence, N is admissible l-module by Theorem 2.12. Therefore, we need to consider
sln-modules M induced from simple admissible slk-modules.
We will provide a tableaux realization for admissible sln-modules induced from
simple Gelfand-Tsetlin slk-modules in the principal orbit for k = 2, 3.
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Remark 6.1. We defined Gelfand-Tsetlin gln-modules in connection with the fixed
Gelfand-Tsetlin subalgebra (which is maximal commutative) determined by a spe-
cial chain of embeddings of gli’s into each other (left upper corner inclusion). On
the other hand, one can consider a different chain of embeddings starting from an
arbitrary root of gln. This would produce a different maximal commutative sub-
algebra of U(gln) and one could consider Gelfand-Tsetlin modules with respect to
this subalgebra. But, it is clear, that all such chains of embeddings are conjugated
by the Weyl group and, hence, the categories of corresponding Gelfand-Tsetlin
modules are equivalent. Same holds for Gelfand-Tsetlin modules over sln. If slk
is a root subalgebra of sln then there exists a parabolic subalgebra p = l ⊕ n with
l = slk+h. Then for a Gelfand-Tsetlin slk-module N with respect to certain choice
of embeddings of slk, the induced module Mp(λ,N) will be a Gelfand-Tsetlin mod-
ule for a certain chain of embeddings of sln which contains slk. This module in
general may not be a Gelfand-Tsetlin module with respect to the Gelfand-Tsetlin
subalgebra (left upper corner inclusion). But, due to the category equivalence men-
tioned above, we can always assume without loss of generality that slk subalgebra
belongs to the chain of the left upper corner inclusions and that Mp(λ,N) is a
Gelfand-Tsetlin module with respect to the Gelfand-Tsetlin subalgebra.
6.1. Construction of induced modules. Let N be any simple slk-module (k =
2, 3) with tableaux realization as a subquotient of a module V (T (u)) with generic
top row (i.e. u21− u22 /∈ Z for k = 2 and {u31− u32, u31− u33, u32− u33}∩Z = ∅
for k = 3).
sl2-case. Set v1 := u21 and v2 := u22. Choose also {vi}i=3,...,n complex numbers
such that vi−vj /∈ Z for any 1 6 i < j 6 n. Let T (v) be the Gelfand-Tsetlin tableau
with entries
vij =
{
vj , if i > 2
u11, if i = 1
(44)
for 1 6 j 6 i 6 n.
Lemma 6.2. If T (v) is the above Gelfand-Tsetlin tableau then there exist a sub-
quotient M of V (T (v)) isomorphic to an induced module Mp(λ,N), where p has the
Levi subalgebra isomorphic to sl2 and N is cuspidal sl2-module. Moreover, M is
simple if and only if u21−u11, u22−u11 /∈ Z. It has a basis given by the set of tableaux
T (w) in B(T (v)) such that wrs − wr−1,s ∈ Z>0 for any 3 6 r 6 n, 1 6 s 6 r − 1.
Proof. By construction the module V (T (v)) is generic. The assertions follow from
Theorems 3.4 and 3.6. 
Denote by M(N, v3, . . . , vn) the induced module M described in Lemma 6.2.
sl3-case. Set v1 := u31, v2 := u32 and v3 := u33. Choose {vi}i=4,...,n complex
numbers such that vi − vj /∈ Z for any 1 6 i < j 6 n. Let T (v) be the Gelfand-
Tsetlin tableau with entries
vij =
{
vj , if i > 3
uij , if i 6 2
(45)
for 1 6 j 6 i 6 n.
Lemma 6.3. If T (v) is the above Gelfand-Tsetlin tableau then there exists a
subquotient M of V (T (v)) isomorphic to an induced module Mp(λ,N), where p
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has the Levi subalgebra isomorphic to sl3 and N is cuspidal sl3-module. If v is
generic then M has a basis given by the set of tableaux T (w) in B(T (v)) such that
wrs − wr−1,s ∈ Z>0 for any 4 6 r 6 n, 1 6 s 6 r − 1. Moreover, M is simple if
and only if urs − ur−1,t /∈ Z for any 1 6 s 6 r 6 3 and 1 6 t 6 r − 1.
Proof. If v is singular then the tableau T (v) and the module V (T (v)) is 1-singular
(see [FGR16] and Remark 5.4). If v is generic then the module V (T (v)) is generic
and the assertions follows from Theorems 3.4 and 3.6. 
Denote by M(N, v4, . . . , vn) the induced module described in Lemma 6.3.
Remark 6.4. Set N a simple sl3-module.
(i) If N is not cuspidal thenM(N, v4, . . . , vn) is isomorphic to a Verma module
or to a Generalized Verma module induced from sl2.
(ii) If N is cuspidal then all weight multiplicities of M(N, v4, . . . , vn) are infi-
nite.
6.2. Admissible sl2-induced modules in the principal orbit revisited. Any
simple weight sl2-module is a Gelfand-Tsetlin module and it admits a tableaux
realization. Since we are interested in induced non-highest weight modules we can
consider only cuspidal sl2-modules. Any such module is a module in the principal
nilpotent orbit of sl2 and it is isomorphic to V (T (u)) for some generic u. In par-
ticular, for admissible sl2-module V (T (u)) in the principal nilpotent orbit we have
u = (u21, u22, u11) where u21−u22−1 = λ−
p
q (µ+1) for some λ, µ ∈ Z>0 satisfying
λ 6 p − 2 and µ 6 q − 2 with p, q ∈ N, (p, q) = 1, p, q > 2. We say in this case
that V (T (u)) (and its simple quotient which contains T (u)) is associated with the
weight λ − pq (µ + 1). Induced module from a generic sl2-module need not to be
generic. In fact, there exist singular induced modules as we saw in the case of sl3.
The following theorem gives a complete classification of all simple weight generic
admissible sl2-induced modules in the principal orbit.
Theorem 6.5. Let N be a simple admissible cuspidal sl2-module associated with the
weight λ′ = λ1−
p
q (µ1+1). If λ1 6 p−n, µ1 6 q−n and p, q > n then for any choice
of {λi, µi}i=2,...,n−1 ⊆ Z>0 such that
∑n−1
i=1 λi 6 p− n and
∑n−1
i=1 µi 6 q − n, there
exist complex numbers {v3, . . . , vn} such that the induced module M(N, v3, . . . , vn)
is a simple admissible generic sln-module in the principal orbit. Moreover, these
modules exhaust all simple weight admissible generic sln-modules in the principal
orbit induced from sl2.
Proof. Note that N belongs to the nilpotent orbit and, hence, strongly generic. Set
v1 = u21, v2 = u22 and choose v3, . . . , vn such that vi − vi+1 − 1 = λi −
p
q (µi + 1)
for any i = 1, . . . , n− 1. The statements follow from Lemma 6.2. 
Remark 6.6. Theorem 6.5 is a ratification of Corollary 4.3 for generic modules in
the principal orbit. In order to complete a classification of all simple admissible sl2-
induced modules one needs to consider non-principal orbits and singular modules.
In the case of sl3 such modules were constructed in Theorem 5.6 and Theorem 5.8.
6.3. Admissible sl3-induced modules. Any simple admissible sl3-module in the
principal nilpotent orbit admits a tableaux realization as a subquotient of some
Gelfand-Tsetlin module V (T (u)) where u = (u31, u32, u33, u21, u22, u11) and for i =
1, 2, u3i−u3,i+1−1 = λi−
p
q (µi+1) for some λi, µi ∈ Z>0 satisfying λ1+λ2 6 p−3
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and µ1 + µ2 6 q − 3 with p, q ∈ N, (p, q) = 1, p, q > 3. We say in this case that
V (T (u)) (and its simple quotient which contains T (u)) is associated with the weight
(λ1 −
p
q (µ1 + 1), λ2 −
p
q (µ2 + 1)).
Theorem 6.7. Let N to be a simple admissible sl3-module in the principal nilpotent
orbit associated with the weight λ′ = (λ1 −
p
q (µ1 + 1), λ2 −
p
q (µ2 + 1)) such that
λ1+λ2 6 p−n and µ1+µ2 6 q−n and p, q > n. Let {λi, µi}i=3,...,n−1 ⊆ Z>0 such
that
∑n−1
i=1 λi 6 p− n and
∑n−1
i=1 µi 6 q − n. Set v1 = u31, v2 = u32, v3 = u33 and
choose complex numbers {v4, . . . , vn} such that vi−vi+1−1 = λi−
p
q (µi+1) for any
i = 1, . . . , n − 1. Then the induced module M(N, v4, . . . , vn) is an admissible sln-
module in the principal orbit. Moreover, simple modules M(N, v4, . . . , vn) exhaust
all simple admissible sl3-induced modules in the principal nilpotent orbit.
Proof. The statement is clear from the construction. 
Theorem 6.7 together with Lemma 6.3 and Theorem 5.8 give a complete classifi-
cation of all simple weight admissible sl3-induced modules M(N, v4, . . . , vn) in the
principal nilpotent orbit.
Remark 6.8. Theorem 6.7 describes both generic and singular sl3-induced modules
M(N, v4, . . . , vn). All these modules have infinite weight multiplicities. Generic
modules were described already in Corollary 4.3.
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